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Concurrent-Processing Adaptations of a
Multiple-Grid Algorithm
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A multiple-grid algorithm for the accelerated solution of the Euler and Navier-Stokes equations is restructured
to enhance its suitability for implementation on concurrent processors of both the single-instruction, multiple-
data and the multiple-instruction, multiple-data type. Several of the resultant adaptations are used to carry out
two-dimensional Euler and Navier-Stokes simulations on the CDC CYBER 205, the Cray X-MP, and the
Denelcor HEP. Results are presented for subcritical and shocked supercritical inviscid flows and for turbulent
viscous flow. These are compared with flow simulations obtained using the basic scalar, sequential multiple-grid
algorithm. The performance advantages of the concurrent-processing adaptations are illustrated.

Introduction

HE recent past has seen substantial improvements in

both computing hardware and fluid dynamics algorithm
performance. Despite this progress, the computational fluid
dynamicist’s reach still far exceeds his grasp. For example,
the requirements posed by the integrated design of airframe
and engine components and the need for detailed, highly ac-
curate flow-physics simulations clearly illustrate that much
additional innovation in the fields of computer architecture
and algorithm design is called for.

The architectural features of greatest interest in present-
and next-generation supercomputers are those that make
possible vector and parallel processing. These are each forms
of concurrent processing. The sequential scalar processors
used in previous-generation hardware may be referred to as
being of single-instruction, single-data (SISD) architecture.
SISD computation has been supplanted by concurrent pro-
cessing because the technological limits for performance
enhancement of SISD machinery are rapidly approaching. In
order to maintain present hardware performance trends,
various forms of concurrency are being exploited. Vector
processors use single-instruction, multiple-data (SIMD) ar-
chitecture to perform a single operation simultaneously on a
collection of operands. Parallel processors represent the next
step in generality. They use multiple-instruction, multiple-
data (MIMD) architecture to perform simultaneously several
distinct operations, with each operation accessing its own
collection of operands. SIMD supercomputers include the
Cray 1 and CDC CYBER 205. The Cray X-MP, Cray 2,
CDC CYBERPLUS, Denelcor HEP, and ETA' are of
MIMD type.

One notable recent trend in fluid dynamics algorithm
design has been the adaptation of multiple-grid methods to
the computation of Euler and Navier-Stokes flows. Research
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in this area has been pursued by Ni,! Johnson,?? Jesper-
sen,** Jameson,%” and others.’'> At present, multiple-grid
algorithms are being used to accelerate the convergence of
steady flow simulations; however, it appears that their utility
may extend to the time-accurate computation of unsteady
flows.13:14

The introduction of multiple-grid methods preceded the
arrival of modern concurrent processors. Consequently, their
design has typically been based on the sort of sequential,
scalar reasoning appropriate for SISD machines. The pur-
pose of this paper is to examine one particular multiple-grid
algorithm,>!> to restructure its information flow, thereby
allowing the creation of alternative schemes suitable for con-
current processing, and to illustrate the performance of some
of the resultant algorithms on SIMD and MIMD machines.
The need for such restructured algorithms is particularly
acute in cases where they will be implemented on MIMD
machines having high multitasking overhead. Because the
present aim is to be illustrative rather than exhaustive, results
are presented for a select subset of the rather large range of
possible combinations of model equations, algorithms, and
concurrent-processing supercomputers. In particular, simul-
taneous-grid-updating algorithms for two-dimensional Euler
and Navier-Stokes simulations are implemented on the
CYBER 205, Cray X-MP, and HEP.

Model Equations
The two-dimensional model equations describing Euler,
thin-layer Navier-Stokes, or full Navier-Stokes flows may be
written in conservation-law form as
qt:—(Fx+Gy) (1)

where the appropriate definitions of F and G are as follows.
For the full Navier-Stokes equations,

F=f—Re 'p, G=g—Re 'r
while, for their thin-layer version,
F=f, G=g—Re ls
and, for the Euler equations,

F=f, G=¢
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The vector of conservation variables g, the inviscid flux vec-
tors f and g, and the viscous stress vectors p, r, and s are
defined as

[ o ou pv
pu ou+p puv
q= , J= , &=
U pUV pVv:+p
| E (E+p)u (E+p)v
[0 0 0
Txx Txy /“Lu}’
p = 5 r= N S =
Tyy Tyy (A + 2pL)vy
L B 8, y«Pr=le, + (A +2u)vv,

Toe = NU, +0,) +2p10,

Ty = N, +0,) +2;wy

Toy =Ty = (U, +0,)
By=v«Pr~le,+ur, +vr,,
8, ='yKPr’ley +ur, +ury,

Here, p, u, v, p, and E are, respectively; density; velocity
components in the x and y directions, pressure, and total
energy per unit volume. This final quantity may be expressed
as

E=p/(y—1D+p(u?+v%)/2

where the specific internal energy e has been related to the
pressure and density by the simple law of a calorically
perfect gas

e=p/lp(y—1)]

with v denoting the ratio of specific heats. The coefficient of
thermal conductivity « and the viscosity coefficients N and u
are assumed to be functions only of temperature. Further-
more, by invoking Stokes’ assumption of zero bulk viscosity,
A may be expressed in terms of the dynamic viscosity p as

A=—%u

Re and Pr denote the Reynolds and Prandtl numbers,
respectively. ‘

Although the equations of motion are written in Cartesian
coordinates, this does not represent any loss of generality.
Viviand'® has shown that their strong conservation law form
may be maintained under an arbitrary time-dependent
transformation of coordinates. The generalized coordinate
version of these equations, which is employed in the com-
putations to be discussed subsequently, may be found in
Steger.!”

The thin-layer approximation is based on the observation
that when a highly stretched mesh is used to resolve large
gradients normal to a surface, computer limitations usually
imply that diffusion terms parallel to the surface are cal-
culated on such a relatively coarse mesh that they are essen-
tially not resolved. Consequently, this approximation is im-
plemented by using a body-fitted coordinate system and
neglecting the viscous terms in the coordinate direction along
the body. For Cartesian coordinates, with x representing the
body-conforming coordinate, the thin-layer version of the
Navier-Stokes equations is as given above.

CONCURRENT-PROCESSING ADAPTATIONS OF A MULTIPLE-GRID ALGORITHM 793

The effects of turbulence are simulated by means of a two-
layer algebraic eddy-viscosity model. The eddy viscosity is
determined by the method of Baldwin and Lomax.'8

Algorithms

The multiple-grid algorithms described here each consist
of a fine-grid solution procedure and a coarse-grid accelera-
tion scheme. The fine-grid procedure solves the unsteady
equations of motion and may, if desired, do so in a time-
accurate manner. A variety of implicit and explicit methods
may be used to construct the fine-grid procedure. Here,
because of its simplicity and ubiquity in computational
aerodynamics, we choose to use the explicit, two-step Lax-
Wendroff scheme known as MacCormack’s method.!® The
fine grid is constructed such that the number of points in
each direction is expressible as n(27) + 1 for p and n integers
such that p=0 and n=2, where p is the number of grid
coarsenings and # is the number of coarsest-grid intervals. A

Fig. 1 Grid structure.
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Fig.2 Comparison of fine- and coarse-grid schemes: a) one-step Lax-
Wendroff scheme on fine grid and b) course-grid scheme.
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collection of successively coarser grids is then created by a
recursive process that deletes every other point in each coor-
dinate direction. The resulting grid structure is illustrated in
Fig. 1.

Information is transferred from the fine grid to each of
the coarser grids. This transfer may be accomplished either
by a sequential cascading of information through successively
coarser grids or by a simultaneous communication directly
from the fine grid to all the coarser grids. In any case, a
coarse-grid scheme is then used to rapidly propagate the
resolvable components of this fine-grid information through-
out the computational domain. A number of coarse-grid
schemes are possible, some of which of which are described
subsequently. All of these variations accelerate convergence
to the steady state while maintaining the accuracy determined
by the fine-grid discretization.

Fine-Grid Procedure

The forward predictor—backward corrector version of
MacCormack’s method may be written as

At At " "
Ag; ;= —E(Eﬁ i —Fi) _F(Gi,j+l -Gi))

At
6q,;= _E[ (Flo —F) + (F—FilLy )]

At
—E[ (Gl —GE) + (Gijj_Gifj—l)]

where
6q,;=lq(t+At)—qg(D)];;

9;;=4qi;+Aq;,
Fi:j =F(qi:j)’ Gijj = G(qijj)

First derivatives in the viscous terms are backward-dif-
ferenced in the predictor and forward-differenced in the
corrector.

Coarse-Grid Schemes

Although it is quite probable that a large variety of coarse-
grid acceleration schemes may be constructed, we limit our
attention to those explicit schemes based on Lax-Wendroff
methods. Such a coarse-grid scheme may be expressed as

2

At
6C]coarse = AIQI + TQtt

By introducing Eq. (1), this may be rewritten as

AP
8 coarse = — AH(F, +G,) ——Z—(FX +G)),

Observing that

Ag=—AH(F,+G,)

we obtain
2

At
éqcoarse =Aq_T(FX+Gy)t (2)

Various coarse-grid schemes may now be derived, according
to the way in which the second term on the right-hand side
of Eq. (2) is treated.

If we let

—(Fx+Gy)t= [A(Fx+Gy)]x+ [B(FX+Gy)]y
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where A and B are the Jacobian matrices

oF G
A= B=—
dq daq

we obtain the class of Jacobian-based acceleration schemes,
of which the method due to Ni! is a member.
If, on the other hand, we let

(Fo+G)" ! = (F . +G,)"]

1
(Fx+Gy)f=E[

where

" =F(q"), G"=G(q")
P =F(g"+4q), G"1=G(q"+Aq)
we obtain the class of flux-based schemes introduced in Ref.
15. In both cases of schemes, Aqg is approximated by a
restriction of the fine-grid value of 8g, and second-order ac-

curate spatial differencing is used. For example, a simple
Jacobian-based coarse-grid scheme may be written as

8q,; ;= ! {[(14— AtA+ A B)A]
9= 4 Ax Ay 4 i—1,j—1

At At )
+ [<I+——A —-—B)Aq
Ay |

Ax i—1j+1
At At ]

+ |\ [-———A+—BJAq
Ax Ay Jdiv1i-1

At At )
+ [(1———A————B)Aq }
Ax Ay i+, 41

This scheme is contrasted in Fig. 2 with its one-step Lax-
Wendroff analog, written on the fine grid. That one-step
scheme may be written as

1 At At
551i+1,j+1=—4— I+UA +K)7_B Ag

[ At At ]
+ <I+ —A— —-—B) Ag
N Ax Ay i

[ At At
+ | {/-———A+—B)Aq
| Ax Ay divsnjv12

i+1/2,j+1/2

i+1/2,j+3/72

[ At At 1
+ (I ——A— ——B) Agq }
| Ax Ay div3s2,j+3/2

where Agq is not approximated as a restriction of some &g, as
in the coarse-grid scheme, but is rather computed as

At
AGicinjrin= ﬁm[ (Firj+t i)~ Ey+Fjy )]

At
“ Ay Gy +Giirj )= (G + Gy )]

Information Flow

In the sequential grid updating algorithm, illustrated in
Fig. 3a, the solution is advanced over one multiple-grid cycle
as follows. First, a fine-grid correction, 6q,, is computed.
Then 8¢q, is restricted to the next-coarser grid where &g, is
computed. The &g, correction is both restricted to grid 3 and
prolonged to grid 1, where it provides an additional update
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to the fine-grid solution. On grids 3 through N-1, the pro-
cedure is analogous to that on grid 2. When dq, has been
computed and prolonged to grid 1 to provide the Nth update
to the fine-grid solution, the next multiple-grid cycle is ready
to begin.

Observe that when the components of the sequential grid
updating algorithm (namely, the fine- and coarse-grid
schemes) are both explicit, it is particularly easy to vectorize.
However, the effectiveness of vectorizing the coarse-grid
scheme is limited by the progressively shorter vectors that
may be constructed on the successively coarser grids. Such
an explicit sequential algorithm may also be run on an
MIMD machine by splitting each grid, in turn, across the
total number of processors available. An implicit sequential
grid updating algorithm would probably vectorize less well
and also require additional redesign to run on a parallel
processor.

The parallel coarse-grid algorithm, illustrated in Fig. 3b,
removes the dependence of grids 3 through N on their im-
mediate predecessors. In particular, ég, is now restricted to
each of grids 3 through N. All these coarse grids may then be
updated simultaneously and independently of each other.
This allows the mesh points on grids 2 through N to be
assembled into one vector in order to improve performance
on an SIMD computer. Alternatively, the coarse grids could
each be updated simultaneously on separate processors of an
MIMD machine. This would be attractive, for example, if
the coarse-grid scheme were implicit.

A further possibility is the fully parallel algorithm, il-
lustrated in Fig. 3c. Here &g, from the previous cycle is
restricted to each of the coarse grids. This makes all the grids
1 through N independent of each other and allows their
simultaneous update.

Implementation

The multiple-grid algorithms described in this paper may
be implemented in a variety of ways. Several of the more
significant choices made for the present study are described
here. These choices concern the exclusion of dissipative ef-
fects from the coarse-grid schemes, the enforcement of
boundary conditions, and the selection of restriction and
prolongation operators. Considerations pertaining to vec-
torization and parallel processing are also discussed.

Convective Coarse-Grid Schemes

Dissipative effects have a local character, and their in-
fluence need not be taken into account in the construction of
coarse-grid schemes. Rather, it is the convective terms, with
their global character, that are the key element in coarse-grid
propagation. Hence, coarse-grid schemes for viscous flow
computations may be formulated on the basis of the inviscid
equations of motion. Such a scheme leads to a multiple-grid
convergence acceleration procedure that is independent of
the nature of the dissipative terms retained in the viscous
model equations. That is to say: A coarse-grid scheme based
on the Euler equations may be employed, without modifica-
tion, to accelerate the convergence of viscous flow computa-
tions based on the Navier-Stokes equations, the thin-layer
equations, or any other viscous model equations that contain
the full inviscid Euler equations.

Boundary Conditions

Boundary conditions are enforced only on the fine grid.
This has the advantage of decoupling the coarse-grid scheme
from both the physical and numerical nature of these bound-
ary conditions. That is to say: The coarse-grid scheme always
sees a Dirichlet problem. Any numerical damping terms that
may be necessary are also applied only on the fine grid. This
enhances the modularity of the coarse-grid scheme.
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Restriction and Prolongation Operators

For all the results to be discussed subsequently, linear in-
terpolation has been used as the prolongation operator. For
the sequential grid updating algorithm, injection is used as
the restriction operator. The parallel coarse-grid algorithm
introduces averaging into the restriction operator for grids 3
through N. The fully parallel algorithm further employs
underrelaxation of the fine-grid information restricted from
the previous cycle.

Vectorization

As both the fine-grid solution procedure and the coarse-
grid acceleration schemes used here are explicit, the resultant
multiple-grid algorithms are readily vectorizable. Such vec-
torization of the sequential algorithm has been performed
for computation on a CDC CYBER 205. First, the code was
rewritten to take full advantage of the automatic vectoriza-
tion performed by the CYBER 205 compiler. For the conser-

‘vation vector ¢ and the flux vectors F and G, four quantities

must be computed at every point in the two-dimensional do-
main. These vectors are stored in three-dimensional arrays.
The array indices were arranged in decreasing length from
left to right, and the DO loops containing these indices were
likewise ordered so that the innermost loop corresponds to
the longest dimension (i.e., the first index), the second inner-
most loop corresponds to the next longest dimension (the
second index), and so on. These modifications enable access
to contiguous locations in the vectors so that the loops
automatically vectorize. When nested DO loops result in ac-
cess to every point in the two-dimensional domain, including
the boundaries, entire matrices are treated as single long vec-
tors containing the whole flowfield. With these changes, the
code compiled with the automatic vectorization option ran
approximately two to four times as fast as the code using
only scalar optimization.

Further vector speedup was obtained by implementing
CYBER 205 explicit vector FORTRAN. Bit vectors were
created for use in WHERE blocks to control storage for vec-
torized computations that involved only the interior points
of the domain. Dynamic storage was introduced so that
temporary vectors could be used to reduce the operations
count. Vector intrinsic functions (such as Q8VGATHR,
Q8VCMPRS, etc.) were used to build contiguous vectors
from the array elements needed on the coarse grids.

The parallel coarse-grid algorithm has been vectorized in a
similar fashion, with the additional feature of combining the
points to be updated on grids 2 through N into one long vec-

R - Restriction of 5q as Coarse-Grid Aq
R P - Prolongation of §q to Fine Grid
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Fig. 3 Multiple-grid algorithm information flow: a) sequential
algorithm, b) parallel coarse grids, and c¢) fully parallel scheme.
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tor. This minimizes the vector startup overhead and thus fur-
ther improves the peformance of the algorithm on the SIMD
computer.

Multitasking

When attempting to multitask an algorithm for execution
on an MIMD machine, we are concerned with multitasking
overhead and algorithm granularity. By granularity we mean
the time required to execute a multitaskable segment of the
algorithm on a single processor.?’ For a given multitasking
overhead, the best speedup is obtained when algorithm
granularity is maximal. Large granularity is usually introduced
by top-down programming, which exploits global parallelism
in the algorithm. Bottom-up programming, on the other
hand, exploits algorithm parallelism at a low level by making
many partitionings, each on small code segments, such as
DO loops containing independent statements.?!

The sequential multigrid algorithm contains many oppor-
tunities for creating small granularity parallelism but
relatively few opportunities for the sort of large granularity
necessary to produce good multitasking speedup in the face
of nontrivial multitasking overhead. This observation,
together with the desirability of nonsequential multigrid
schemes for reasons of algorithm flexibility, led to the con-
struction of the parallel multigrid algorithms described
above. In these algorithms, grids that are independent of one
another may be updated simultaneously on separate pro-
cessors. In fact, such a simple strategy may result in a poor
load balance across processors because of the different
amounts of work inherent in updating grids of different
coarseness. However, more refined strategies are possible.
Grids may, for example, be grouped together into tasks of
approximately equal work, or they may be melded into tasks
with other large-grained multitaskable code segments in
order to equilibrate processor loading. Notice further that,
by multitasking large-grained structures, the vectorization
potential of code within these structures remains intact.

Results

To investigate the performance of the concurrent-pro-
cessing adaptations to the basic multiple-grid algorithm, a
number of preliminary computational experiments were per-
formed.?? The results of more comprehensive development
and testing are reported here. For purposes of comparison,
the test cases being used are the same as some of those
previously employed in the development of the scalar pro-
cessing version of the sequential grid updating algorithm.

The full Buler equations are solved for both subsonic and
transonic flow. The thin-layer version of the Navier-Stokes
equations is solved for attached and separated, laminar and
turbulent, subsonic flows. All computations are performed
in two dimensions. Extension of the parallel algorithms to

the full Navier-Stokes equations or to three dimensions’

presents no essential difficulties.

Problem Specification

We consider the inviscid flow through an unstaggered
cascade of bicircular arc airfoils at zero angle of attack, as il-
lustrated in Fig. 4a, and the viscous flow through a similar
cascade of sting-mounted airfoils, as shown in Fig. 4b. The
boundary conditions used are also indicated in these figures.
At the upstream domain boundary, total pressure, total tem-
perature and flow angle are specified. At the downstream
boundary, the static pressure is fixed. Along inviscid lateral
boundaries, the tangency condition is applied while, along
solid walls, the no-slip condition is applied and the tempera-
ture specified. Symmetry and periodicity are invoked to limit
the size of the computational domain. Uniform flow at the
isentropic Mach number implied by the ratio of exit static
pressure to upstream total pressure is used as an initial state.
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Table 1 Overall vector processing speedups

Scalar Vector Vector
- sequential sequential parallel
Case multigrid multigrid coarse-grid
Inviscid
subcritical 1.0 2.9 3.18
Inviscid
supercritical 1.0 2.89 3.04
Viscous
turbulent 1.0 2.72 2.77
Table 2 Coarse-grid vector processing speedups
Scalar Vector Vector
sequential sequential parallel
Case multigrid multigrid coarse-grid
Inviscid
subcritical 1.0 1.67 1.80
Inviscid
supercritical 1.0 1.73 1.87
Viscous
turbulent 1.0 1.73 1.86
Table 3 Multitasked coarse-grid performance
2 processors 4 processors
Machine Speedup  Efficiency Speedup  Efficiency
Cray X-MP 1.78 0.89 3.06 0.77
Denelcor HEP I 1.59 0.80 — —
1 [}
1 t
- <
i -
Flow Flow
W’l‘ rgency Condicion _ PITECEIon™ fangency Condition
I‘;u 1 oo 1 thecified T‘/’ : et : Secifica
specified, _ -— _I specifiedl —
Tangency Condition Tangency No-S11p Condition
Condition T Specified
i i
' L]
a) ] b) 1

Fig. 4 Model problems: a) inviscid and b) viscous bicircular arc
cascade problems.

For the subcritical cases, the ratio of exit static pressure to
upstream total pressure is 0.8430191, yielding an isentropic
upstreamn Mach number of 0.500 while, for the supercritical
cases, a ratio of 0.7369520 is employed, resulting in an
upstream Mach number of 0.675. In the viscous cases, the
Reynolds numbers, based on cascade gap and critical speed,
span the approximate range 8.4 X 10°-2.0x 10°. ‘

Details concerning the physical behavior of the test cases
and the scalar performance of the sequential algorithm may
be found in Refs. 3 and 15. It should be noted that all
modifications to the algorithm presented here produce
results identical to those obtained using the original explicit
MacCormack method. More sophisticated applications of
the sequential multigrid scheme are described in Ref. 23.
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Table 4 Multitasked fine-grid performance

2 processors 4 processors

Machine Speedup  Efficiency  Speedup  Efficiency
Cray X-MP 1.91 0.96 3.58 0.90
Cray X-MP with 1.93 0.97 3.78 0.95

microtasking
Denelcor HEP [ 1.59 0.80 3.10 0.78

Table 5 Multitasked complete scheme performance

2 processors 4 processors

Machine Speedup  Efficiency  Speedup  Efficiency
Cray X-MP 1.87 0.94 3.30 0.83
o Single Grid o Multiple Grid
-2 -2
_4 -4
-6 -6
-8 -8
~10 -10 —
[ 2500 5000 0 2500 5000
a)
0 [}
-2 -2
£ -4
]
&
£ -6 -6
=]
- st 0 5000
[} 2500 5000 ] 2500
b)
0 0
-2 "
" -4
-6 -6
-8 -8
-10 -10
[} 5000 10000 0 5000 10000
c) Time Cycles Time Cycles

Fig. 5 Convergence histories: a) subcritical inviscid flow, b) super-
critical inviscid flow, and c) turbulent viscous flow.

Algorithm Performance

The scalar sequential algorithm yields multiple-grid
speedups of 6.9, 2.9, and 8.2 for selected inviscid subcritical,
inviscid supercritical, and turbulent viscous flows, respec-
tively. The grids used in these computations have on the
order of 20,000 points. Convergence histories for these cases
are shown in Fig. 5. Explicit vectorization of this algorithm
results in vectorization speedups in the vicinity of 3.0, 2.9,
and 2.7 for the respective cases cited above. It is expected
that for more complex applications requiring finer meshes,
vectorization performance will improve.

The parallel coarse-grid algorithm maintains essentially the
same convergence behavior as the sequential algorithm. Con-
sequently, the multiple-grid speedups obtained with it are
virtually identical to those of the sequential algorithm. Vec-
torization of the parallel coarse-grid algorithm yields
speedups of 3.2, 3.0, and 2.8 for the three test cases con-
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sidered. The vectorization results are summarized in Tables 1
and 2. In Table 1, the overall speedups for the explicitly vec-
torized parallel coarse-grid scheme are recorded and con-
trasted with both the scalar and explicitly vectorized versions
of the sequential coarse-grid scheme. Although the explicitly
vectorized sequential scheme is highly efficient, a noticeable
performance improvement results from use of the parallel
scheme. Table 2 compares the performance of the parallel
coarse-grid code segment with the analogous segments in the
other versions. By this measure, the performance improve-
ment over the explicitly vectorized sequential code is about
8%. One should note that a performance gain of this size is
significant since the potential for further vectorization of the
code is quite low. Furthermore, larger gains are expected
when the parallel coarse-grid scheme is used in three-
dimensional flow simulations, which effectively use the max-
imum vector length available on the CYBER 205.

The fully parallel scheme, in its present implementation,
requires underrelaxation of the coarse-grid corrections and
consequently does not perform as well as the other
algorithms in terms of multiple-grid speedup. Efforts are
presently under way to remove the underrelaxation require-
ment. Until these are complete, we will concentrate our
SIMD and MIMD work on the sequential and parallel
coarse-grid algorithms.

The theoretical maximum speedup on a p-processor
MIMD machine is p. Varying overhead requirements of the
multiple-grid algorithms will obviously result in distinct ac-
tual multitasking speedups. Using a top-down multitasking
approach, the parallel coarse-grid algorithm has been im-
plemented on a four processor Cray X-MP and on a
Denelcor HEP 1. Initially, only the coarse grids were multi-
tasked so that the performance of parallel grids on a
multiprocessor could be evaluated. Then the fine-grid com-
putations were partitioned and multitasked, and the resultant
code was integrated with the parallelized coarse grids. Load
balancing of the entire scheme completed the study of per-
formance resulting from the top-down approach.

Multitasking results are shown in Tables 3-5. The perfor-
mance measures are based on a comparison of multitasked
code segments with their unitasked analogs. The parallel
coarse-grid scheme results contained in Table 3 were obtained
with a five-grid multigrid sequence length on the X-MP and
a three-grid sequence on the HEP. Observe that efficien-
cies of nearly 90% have been obtained using two processors
but that efficiency deteriorates to 77% when four processors
are used. This deterioration is a result of distributing
multigrid structures containing unequal amounts of work
across four processors, which creates a less than ideal load
balance. Table 4 shows results obtained from multitasking
the fine-grid scheme. The fine-grid tasks are fairly evenly
balanced, and this code segment performs well on both two
and four processors. Processor utilization of 90% or better
on the X-MP and of nearly 80% on the HEP is achieved.
When the four-processor case is recomputed on the X-MP
using the low-overhead version of multitasking known as
microtasking,?* efficiency is improved to 95%. The fully
multitasked multigrid algorithm performance on the X-MP
is shown in Table 5. On two processors, 94% efficiency is
obtained while, on four processors, with speedup by a factor
of 3.3 over the unitasked code, efficiency is 83%.

Observe that our objective in this work has been to attain
good multitasking performance by concentrating on the
large-grained structures inherent in the algorithm rather than
simply to take advantage of small-scale parallelism, for ex-
ample, at the DO loop level. Our approach thus minimizes
the overhead associated with multitasking and preserves op-
portunities for vectorization in each of the tasks.

Our next objective is to investigate further the bottom-up
approach by microtasking the entire code. Although it ex-
ploits parallelisms on a small scale, microtasking on the
X-MP incurs very low overhead and, as seen in the initial
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results obtained for the fine-grid computations, promises
highly efficient performance.

Conclusions

Several concurrent-processing adaptations of a multiple-
grid algorithm for the accelerated solution of the Euler and
Navier-Stokes equations have been introduced and exam-
ined.

By simultaneously updating as many grids as possible,
while maintaining the convergence behavior of the basic se-
quential updating scheme, significant opportunities for vec-
torizing and multitasking the resultant algorithms are
introduced.

The parallel coarse-grid algorithm allows the construction
of one long vector across all the coarse grids. This
counteracts the tendency toward progressively poorer vec-
torization performance on successively coarser grids.

The class of simultaneous grid updating algorithms in-
troduces an alternative possibility for multitasking of
multiple-grid methods. Instead of simply splitting each grid
in turn across a number of processors, individual processors
may (to cite the simplest example) each be assigned a par-
ticular grid.

The vectorized parallel coarse-grid code segment performed
80-87% better than the analogous scalar sequential code.
The multitasking efficiency of the same segment was 80-89%
on two processors. The utilization of four processors is a less
efficient 77% when only the coarse grids are multitasked.

The multitasked fine-grid code segment yielded a speedup
of 3.58 on four processors. With microtasking, this speedup
increased to 3.78, thus producing an efficiency of 95%.

The multitasking efficiency of the complete algorithm run
on four processors is 83%, while on two processors it is
94%,,
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